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A cluster expansion for the expectation value of operators with correlated wave functions is 
presented. A variational approach to the Brueckner theory with occupation probabilities is gen-
eralized and HFB theory incorporated. 

1. Introduction 

The usual approach to the Brueckner theory is to 
derive the expression for the ground-state energy 
of a many-particle system from perturbation theory. 
B y a partial summation of Goldstone diagrams, the 
Bethe-Goldstone equation defining the Brueckner 
twro-body G-matrix is obtained. A refined version 
of the Brueckner theory [1] uses true occupation 
probabilities for single particle levels. 

Da Providencia and Shakin employed a varia-
tional approach to the Brueckner theory [2], using 
a correlated wrave function of the following f o rm: 

N 

i = 1 

S = i 2 Cm n> V am a n aiai- (!) 
mn > N 
ij^N 

With the help of a partially summed cluster ex-
pansion for the expectation value (y>\H\ y ^ K y \ ip} 
of the Hamiltonian H o f the iV-particle system and 
a variation of the C-coefficients they arrived at a 
system of equations, which in the case of infinitely 
extended matter reduces to the Brueckner approxi-
mation of Brandow's theory [1, 3]. (The full formu-
lation of this theory involves ?i-body operators in 
the definition of S.) 

Wave functions of the form (1) including Ti-body 
operators in S have been investigated for the first 
time by Coester and later on by Kümmel and 
Lührmann [4—9]. (See also Ref . [10] for the case 
that S is a general two-body operator.) 

In this paper a cluster expansion is presented 
dealing with general quasi-particle creation opera-
tors a + (fermion operators) in the correlated wave 
function instead of single particle operators a+, a, 
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including the wave function (1) as a special case. 
Our cluster expansion proceeds in terms of the 
C-coefficients rather than in terms of cluster inte-
grals [11 —14], which themselves are polynomials 
of the C-coefficients. The cluster integrals of higher 
than second order, being complicated functions of 
the C-coefficients, are neglected in [2]. In the case 
of an infinite system, third crder cluster integrals 
along with a 3 -body operator part in S are con-
sidered in [15], where the 3 -body Bethe-Faddeev 
equation is obtained after an appropriate approxi-
mation. Within our approach a wider class of di-
agrams contributing to the expectation value of II 
is summed up within the Brueckner-scheme, espe-
cially nonvanishing occupation probabilities for par-
ticle states above the Fermi saa are introducsd. 
This generalization of the standard cluster expan-
sion, which treats unoccupied and occupied single 
particle states "democratical ly" arises naturally in 
our quasi-particle formulation and is a necessary 
first step for incorporating the H F B theory into 
a Brueckner-scheme. 

Minimizing the partial sum of diagrams with 
respect to the C-coefficients, wre obtain a system 
of equations which can be recognized as generalized 
Brueckner theory, if we define the quasi-particle 
operators a, a+ by means of a Hartree-Fock-Bogol-
jubov (HFB) transformation 

aP = 2 (A VQ a<? + Bpq a<Z+) 5 
Q 

a 2> + = 2 (AQPaQ+ + BQVaa) • ( 2 ) 
Q 

In addition, wTe obtain a generalized equation for 
the A, 5 -matrices which includes the minimum con-
dition of H F B theory [16] in the special case C = 0. 

The need for such a unification of the H F B 
theory and the Brueckner theory is motivated f rom 
the fact that one should have a microscopic theory 
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(starting with realistic N - N forces) for nuclei, where 
pairing effects are known to be important (e.g. Ca-
Isotopes). Such a theory has been formulated up to 
now only for infinite systems using, however, the 
method of correlated-basis-functions [17]. 

2. The Cluster Expansion and Linked Cluster 
Theorem 

For a given set of fermionoperators a « , oca + the 
quasi-particle vacuum 0 (with normalization < 0 \ 0 ) 
— 1) is defined by 

oca I 0y = 0 for all a . 

The correlated wave function is written as: 

ip — e s 0 , 

S = 2 « £ a«2 + " " 

(3) 

i = 0 

1 
F i ~ 2 2 ^ 1.1 j. i 

/<H f-fp=i 

Cfn ... C">. 

Q - 2 m,n = 0 

1 

=n m! n\ bl--bi 
2 ...b 

' Qb\'?..bm, bi'...bn,c(-bi ''' V-bm&bn ''' ai>i- ' 

written as the sum of all contributions from all 
(topologically different) diagrams 

Q = ^ Qd ; A := set of all diagrams. 

P • ai...aP r = 2 

where Cr denotes the operator part o f S with r 
quasi-particle creation operators. Without loss of 
generality the C-coefficients can be antisymmetriz-
ed with respect to the a-indices. The power series 
of es yields: 

where k\, ..., kv denotes the number o f equal fig-
ures in the p-tupel (jui, . . . , /up) respectively. 

The unnormalized expectation value of a general 
operator Q, written with quasi-particle operators in 
normal order 

where the coefficients qbl,b- are antisymmetrized in 
the b- and i ' - indices, reads: 

Q = <0\es+Qes\0y=Z<0\Fi+ QFi 10>• (4) ij = 0 

Using the Wick-rule in the evaluation of each term 
in Eq. (4), it is now straightforward to construct 
diagrams D and diagram-rules such that Q can be 

D e A 

The structure of these diagrams (examples are given 
in Fig. 1—6) and the explicit diagram-rules are 
presented in the appendix. The main advantage of 
this diagrammatic language is that a linked cluster 
theorem holds, saying that the division of Q through 
the norm cancels all unlinked diagrams, so that we 
have the linked expansion 

(V> | Q | V ) v A L : = set of linked 
<Y>|V> DTL diagrams. 

(a) (b) 

Fig. 1. Diagram (a) contributes to the norm (xp | with 
1 • i 

| C0102 «02 «ai Cai02*01 a02 2! 
1 . 

2! 
The contribution of (b) is 

<0 I ITT C*102 a«2 a«I 4r a«2 a«! 10} 2! 
1 • 
2! 

and thus equal to that of (a). 

1 1 » 
27 Ca2ai = -7*7 C0102 2! 

fa) (b) 
Fig. 2. Diagrams contributing to the unnormalized expecta-
tion value of q3'1. 

Fig. 3. A linked diagram, although topologically discon-
nected. 

Fig. 4. Two diagrams which violate the exclusion principle 
and yield opposite contributions. 
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3. Definition of the Generalized Brueckner Theory 

W e now specify the fermion operators a, a + as 
Fig. 5 Diagram resulting from Fig. 4 (a) by permutation of b e i n S defined by the HFB-transformation (2). The 
upper or lower links. 

Fig. 6. Diagram including the two diagrams of Figure 2. 

Hamiltonian H with two-body interaction v 

H=T+ V = Jttpqap+aq 
pq 

+ i 2 VVQ, rs (*p+ aq+ as ar, 
pqrs 

Vpq, rs = <pq I V | VS> , tpq = <p\T I q) , 
I aby = a,a+ab+\Oy , 

is expressed by normal ordered fermion operators 

H = H°'° 4- T y a 4- H1* a + a 4 — # 2 ' 0 a + a + I 
11 — 11 i Z* I 9| oi «2̂ -02 ̂ ai i " a i as1«-«!^ T ~ \ J-ta1a2at«i afl2 / 

Olfl2 \ " • -1 ' / 

"J- 2 I 7T7^ai'fl20304aa4aa3ao2aai H o7-^01,020304^01 aaia03a«2 H n i o i ^0i02,03a4ai 
a , « 2 a 3 f l 4 \ 4 ! 

ai -̂04̂ 03 

J 3,1 „ + „ + „ + i f j j *1aia2a3.at 
7/3,1 -J 7740 + "-aoi acr2 a«3 a04 •<J a\a2a3a^-ai 0̂3 afl4 

where the coefficients H1^ ai bi hj are antisymmetrized in the a- and fc-indices, respectively, and by rea-
son of H+ = H fulfill the relations: 
770,2 _ r/20 . 7.71,1 _ rrl.l . r/0.4 _ li4,0 . r/1,3 
IJaia2 — a 102» JIai,a2 "02,01' -'-'01020304 -'-'01020304' -'-'«1,020; 

After introducing the density matrix [16] 

Qab = = <01 «a | = 2 ^«p Bf>v 
p 

and the pair function 

Xab= —Xba= <$>\aaab\&>= Bbp 
p 

the antisymmetrized H{ ^-coefficients can be written: 

flo, 0 _ 2 tab Oba 4 i 2 Vab< c d Qca $db + i 2 V a b< c d* b a y 'd c ' 

= H 3,1 7/2,2 _ r/2,2 
» Oi 02.0.104 n a?.a 0304,0i0a ' 

üb abed abed, 

= 2 - ^002 ß6oi) + 2 Ol 02 1 oft IlW 
» » » » 

* (-^ooi-^eo2Qdb — BcaiBaaiOdb + \AaaiBba2y.dc -f \ BdaiAca2xba)^ a+aai, 

-^a'i02 = 2 ^abi^-bai Baa2 ~ ^ f c o 2 ^ o a i ) + \ 2 vab>cd 
ab abed 

' (Ada2Aeai y-ba + Baa2 Bbai xdc 4 2 (AC(ll Baü2 — ACÜ2 Ba(ll) Qdb) , 
, » » » » * * * • • 

H'blb2b3,ai = 2 + ^rffti Acai + Aab3 Abbl Bdbi Acai 
abed 

• » • * * * * « * 

+ Adbi Bdb2 Bcln Bbai + Aab2 Bdb3 Bebi Bbai + Aab3 Bdbi Beb2 Bbax) > 
oo -sr̂  » » * » * • 

-^aio2,oi'o2' = cd(AoaiAba2Acai'A(/a2' 4 Bdai Bca2 Bb(ll'Baa2> 4 AaaiBcaiAjai>Bb(l2-
abed 

— Aaa2BeaiAdai' Bba2' ~ Aaai Bea2Ada2 Bbav' + Aaa2 BcaiAda2- Bb(ll') 

H 0,4 
0̂102,04(13 I ^ a 4 03, O l O 2 I ''«4 Ol, 02 03 Ôl 03 , 02 04 "I" 0̂2 04 , Ol 03 ^ 

J , o 102 = f 2 vab<cd{Baa4Bba3Ada2Aca1) • 
abed 

02 03, 0401 J 
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W e first discuss the standard Brueckner case resulting from the ansatz (1) for the wave function which 
is in our language given b y the special transformation 

ap = upap+ - f VpUp) a p + = upap - f vpap+\ up = 1 for p<N, 
up = 0 for p > N; vp = 1 — up (N : = particle number) . (5) 

Diagram contributions to (xp | Q \ xp)j(xp \ y ) can now 
be divided into terms, where the summation indices 
run only over values below the Fermi sea ( ^ N) or 
above the Fermi sea ( > i V ) . Diagrammatically this 
is represented by a downgoing (hole line) or upgoing 
(particle line) line. For example, the diagram 
of Fig. 7 (a) is then the sum of the three diagrams 
in Figures 7(b) , (c), (d). 

(a) (b) (c) (d) 
Fig. 7. Splitting of diagram (a) into diagrams with particle 
and hole lines. 

(In our diagrammatic language the heavy dots in 
* 

the upper sequence represent factors - while 
the heavy dots in the lower sequence describe fac-
tors Cai% aii. Circles denote the matrix-elements 
Hai...ai,a1'...ai'> s e e appendix.) 

The expression for the energy E of the system 
as evaluated in Ref. [2] expressed in our diagram 
language is given in Figure 8. The quadratic oper-
ator links indicate that only that part of H1»1 con-
taining the ^-matrix elements is to be used. This is 

due to the fact that there is no normal ordering 
procedure in the cluster expansion of [2]. There are 
two equivalent representations for E in Fig. 8, where 
y'lj = yij -j- 6a. Boxes with the y symbols stand for 
an infinite partial sum of diagrams to be inserted 
there, y is given by the diagrammatic equation o f 
Figure 9. Algebraically Fig. 8 and Fig. 9 read, with 

Fig. 8. Ground-state energy of Ref. [2] translated into our 
diagram language. 

Fig. 9. Diagrammatic equation of Ref. [2] for yij with 
reversed order of indices and opposite sign. The direct 
downgoing line represents ö{j(i, j < N). 

E denoting the approximated energy expectation 
value (xp | H \ | ip}: 

E = Zhjyij+?i 2 <i'f\V+VS + S+V + S+(T+V)S\if>yi>tm 
ij< N iji'j'^N 

= 2 ^ 2 tmnCnn',ij Cmn',ij yi'iyj'j -T~ 2 2 vi'i', ij yi'iyj'J 
ij s; N vm > N ij sj N 

iji'j'^N ' i'j'fLN * 

"1" 1" 2 Cm n, i'j' Vmn, ij yi'i yj'j 4" j> 2 vi'i'> mn Cmn, ij yi'i yj'j 
mn>N iji'j'^N 
iji'j' <N mn>N 

* 

~f~ \ 2 vm'n', mn Cm'n', i'j' Cmntij yi'i yj'j , 
mnm'n' > N 

ij^N 
* 

yij = <5ij 2 • 2 yw Cmn,jk' yk'kCmn,i'k • 
mn > N 
kk'i'^N 

(6) 

(?) 

The generalized Brueckner theory which we want ? P\ 
to formulate within this paper is now given by the = H ° ° + Im + l| Ö + + fc^ltyljl+ 

natural extension of the " s tandard" prescriptions ° " 
expressed b y Fig. 8, 9 to the case of general quasi- Fig. 10. Extension of Fig. 8 to a sum of a wider class of dia-
particles and is given diagrammatically by Fig. 10 grams. 
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and Figure 11. Since now particles and holes cannot 
be distinguished, we have to treat equivalent lines 
"democrat ical ly" , i .e. we are necessarily lead to sum 
up the wider class o f diagrams given by Figs. 10 
and 11. This is the simplest possible generalization 
of the Brueckner scheme (Fig. 8, 9) to quasi-par-
ticles. Note that also the y-matrix is now defined 
for all indices (below and above the Fermi sea) and 
that the first two diagrams of Fig. 8 are now in-
corporated in one diagram involving y'. It can be 

Fig. 11. Generalized diagrammatic equation for y. 

shown, that the solution o f the equation for y 
(Fig. 11), obtained by iterations with y = 0 as a 
starting point, is a Hermitean matrix. The algebraic 
equation corresponding to Fig. 11 reads: 

Ya,b — — dab + 3 ! 
_ » 
2 YaaS^a\a2a-ia\Ya2'a2Ya3 a.%Ya\ aS^ba2'a3 a* • (8) 

01020304 
a2 a3 ai 

(The factor 1/3! is necessary to avoid overcounting of diagrams.) The algebraic expression for the energy 
(Fig. 10) 

E = #0,0 + 02 70301 + 27 i HlbWcaYdb 
abed 

£ | 2 (-^01020304 ^,0l'02,03'04' "1" •^ai'02'O3'a4'^01020304) yai 'Ol y02'02 y03'03 y04'04 
O l O2 O3 O4 

Ol' 02' 03' 04' 
- f £ 

Ol O2O3O4 
0l'02'ö3'04 

2 -̂ 03^04', 0304 ̂ ai'ai!03'04' Yai'ai ya2'a2 ^aic 

is a real quantity, if y is Hermitean. To minimize E 
* 

with respect to variations of C and C the subsidiary * 
condition (8) on C, C is taken into account by 
Lagrange multipliers eab'-

F = E + 2eba 
ab 

N0>» = ZBapZap, 
ap 

» * 

•^Vi = 2 (AapAaq — Bap Baq) , a 

= 2,^AaqBUp , N'pf = 2 2 Aap Baq , 

yab + dab 3 ! 2 YaaiCyyyC*). Ol...04 
02'...Ö4' 

we demand the expectation value 

,,R 1 , 77» r i.- r n AI to be equal to N. This gives rise to the additional We have to express I as a function of Caia2a3(li with , • i-
subsidiary condition 

N0'0 + 2 y\iv — N = 0, (9) 
ai <C «2 < «3 < «4 with the help of a sum over per-
mutations 71 e $4, in order to take into account the 
dependence o f the C-coefficients due to antisym-
metry. Since the wave function (3) is generally no which is taken into account with the help of the 

Lagrange parameter B y differentiation of eigenstate of the particle number operator 

Nop = 2 a « « = N 0 > 0 + 1 - 2 K ' p «<? 

a pq 

+ 2 A M XP+ a ? + -h 2 N M + > 
with respect to y, we obtain: 

£f n — 2 H ^ r c a 2 I * ^a2'a3',a2a3 ^na\'a2a3' ^raia2a3 Yai'ai 
OlO2O3 

o 1' o2' 03' 

g I {Hvaiaiaz ̂ fiai a2 03' "i" ^V«i' a2' a3 ^vaia2a3) "I- ^ 1^2 ^ ( 2 bai'a2'a3') ^r 

(10) 

yoi'oi ya2'a2 Ya3'a3 . 
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(.4 denotes the antisymmetrizing operator 2 ( — I-)7171 f ° r the indices fx, a\ , a « 3 ' ) and differentiation 
with respect to C leads t o : n e S i 

Ha 102fl3ff4 = 6 2 ( 2 £&ai(i)̂ a.t(2)a.T(3)a.T(4) 
7ieS 4 b 

1 ^ * 1 1 
5 2 ( 2 ^üa'a*, az'ai' ^anminmas a^ YaJ'anm Ya '̂a^w * ( H ) 
TieSi as'at' 

d3"d\" 

Inserting H°>4 f rom (11) in (10) we obtain: 
1 ^s 772,2 n . . . . „ , . „ , . n Ti 1,1 t AT1,1 "V 7/2 '2 <1/ 1 1 "V /72-2 r1 v r* 

— ^ /, ucYca ~r t /. naz'a^\ azd\ Wi'aa'as'a«' Yai'ai ra?!az ̂ aiazvat Y 03 
ac a 1...at 

1 
o~j~ 2 Hvaidzai dpaiaia* Yai'ai Yazat Yaz'az • (12) 
" • 010203 

CL\ Oil'(I3' 
A Hermitean adjoint equation is obtained by differentiation with respect to C. eVß is not Hermitean, 
whereas ey is Hermitean and the relation ey — ye+ applies similar to [2]. I f the Eqs. (8), (11) and (12) 
are fulfilled by the C- and y-coefficients, F becomes the minimum value of the energy E: 

Emin = H0'0 -f- 2 Ha[' d2 7a2oi "I- "2" 2 ^a'ia»,aiat Yai'di Ya2d2 "i" 2 £ a a 2 eoi02 ̂ 0201 
aiö2 a id2 a chat 

dl'd2' 

~T 2 ^ aidzazafia\ ai'a* a\ Ya\ a,\Ya* a*Y0,3'aaYa\ • (13) 
d\d2 03 di 

ai'at'aa'at 
Equations (8), (9), (11), (12) and (13) constitute our HFB-generalization of the Brueckner theory. 

4. Structure of the Generalized Brueckner Equations 

For the sake of comparison, we first reveal the structure of the standard Brueckner-scheme. Varying 
* 

Eq. (6) with respect to the C, C-coefficients under inclusion of the subsidiary condition (7) through Lagrange 
multipliers etj (i,jf^N), we obtain [2]: 

E = ^ea + 2 UiiYu + \ 2 vn'.tJYt'iYJ'J + \ 2 vi'}',mnCmn,i]yt'iy)'j, (14) 
igiV ij < N iji'j'f^N iji'j'^N 

mn > N 
^ # 

= hj — ( 2 Cmil, ii' Vmn,jj' Yi'j' + 2 VM',JJ' Yi'l'\ = % + > 
1 i'j'^N i'j'^N I 
\mn>N / 

2 <Jtin\T + V\i'j"yyu>yj]' + 2 (™>n\ T + V \m'n'} Cm>n',i'j'yw Yjj' 
i'j'^N i'j'^N 

mn > N 

— 2 2 cmn, gh (en dij + £y öki) ykg yth = 0 (m , n > N). 
ghkl^N 

For infinite systems the matrices yy and ey are diagonal because of momentum conservation and we 
obtain the standard Brueckner scheme involving Brueckner's G-matrix: 

= + i 2 < W | g | » 7 > ( I - 2 
i^N ij^N i'j'^N 

G = V + V(Q/e)G; e = T -j- U — Q T Q , In our case it is necessary to compare the system 
Ei = tt + of Eqs. (8), (11), (12), (13) to the Eqs. (14) for finite 

— ti -J- 2 ( i j | G | i ; ) ( l — 2 X i j ) number of particles; especially here our HFB-gen-
i^y j<N eralization is expected to be essential, when nuclear 

where Xij = (ij\ S+S | ij} are the wound integrals systems are treated (see however Ref . [17]). In the 
and the relation between G and S is given by energy expression of Eq. (14) appears a H2>2 term 

( i j | G (£f + Ej) | i j } = ( i j | V + VS | i j } . (the third one) and a H*<0 term (the last one), which 
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compensate each other to a large extend for the in the single-quasi-particle space, where 
case of potentials inducing short range correlations. p _ y | 0 ^01 
In order to cast (13) into a similar form, we split 
the operators # 1 - 1 and # 2 « 2 into different parts, 
which in the case of (2) being a HF-transformation 
(well-defined value of N) can be written: 

flgxV 

a>N 
and 

+ PHhiQ 

# 2 , 2 = p # 2 , 2 p ( 1 _ P ) # 2 , 2 ( l _ p ) . 

P = \ 2 a a + a & + | 0 > < 0 | a & a a 

in the two-quasi-particle space. Thus the operators can be written: 
P # ! . 1 P = 2 f • - 2 tab Baat Bbai - 2 Vab, cd Bcai Bm2 Odb 

aia,2 ab abed 
P W ' 1 Q = 2 2 2 V o f t , e r f i c f a x * f t a 

aia2 abed 
* 

aiö2 a&cd 
* - V 

ai«2 aftcd oft 
1 • 

2 2 C ( i ( B D A I B C A 2 B B A I > B A A 2 

aai aa2 > 

+ ~ + a„ a, 

P # 2 . 2 P 
2 ! 2! 

+ + a02 a02' 
ai02 [aftc<2 
ai'a2' 

(1 - P ) # 2 . 2 ( l _ P)= -J— 2 [ 2 V A B . C D I A A A J ^ A ^ A ^ . + A A A I B C A Z A ^ . B B A ^ 

aia2 [abed 
ai'ai' 

~~  A A A 2 B C A I A D A I - -^FTA2'
 — ^AAI B C A I A D A ^ B B A I ' -J- A A C L 2 B C A I A D A 2 - B B A I ' 

aai «̂2 • 

These equations are maintained also in the case of a general HFB-transformation, although the P and 
Q operators are not defined in this case. The matrix elements of the operators are now specified with 
regard to a "smeared" Fermi surface. Writing E M i n in the form: (indices omitted) 

Emin = 0 + 2 P # 1 •. 1 P 6 + 1 2 P H 2 ' 2P<ÖÖ) + 2 + 2 ( p H 1 - 1 P + P H < 1 ' 2 p 6 + 
a 

+ 2(QHi'iQ + PHi.iQ + Q&.ip)y' + ^2FH2'2pyy 

+ |2 (1 - m2'2U - P)y'y' + ~ 2H4'°C+yyyy 

all terms of the first bracket cancel each other, with the exception of the pair interaction contribution 
term \ 2 vab, cd^ba^dc of #°> The second bracket reduces to 

abed 
v # 

2 — 2 (tabBbaiBaa2) -f- eaia2 yatai — 2 Taia2 + eaia2] 7a2ai • aiaj aft aia2 

Defining 

~£vß = eVß + {QW>1 Q + PHU 1Q + QW.1 P)fß + ( 2 ( 1 - P ) H-2 (1 - P) y')Vß , 

we obtain: 
F = E M L n = i 2 + 2 ««« + 2 (•- T + Y + 1 2 PH2' 2pyy 

a 

i 
l = T - 2 PH2'2Py + !2#2'2<?aaCa-i - 3j2^4,°Caaa-
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W e recognize, that Eq. (15) has indeed a very sim-
ilar structure compared to the standard theory, 
Eq. (14); there are single-particle terms involving 
U, respectively e—T, there are "hole-hole inter-
act ion" terms resulting from V y , / / , respectively 
H 2 ' 2 , and there are particle-hole terms ( v y , m n , re-
spectively H4>°). Thus one may expect that in 
Eq. (15) a similar compensation takes place as in 
the standard case. A numerical investigation of this 
question should be of great interest. 

In case that (2) is a HF-transformation with well-
defined particle number N of 0, the equations cor-
responding to Fig. 10, 11 result f rom the standard 
Brueckner scheme (Fig. 8, 9) by insertions of boxes 
with y (or y') symbols into some of the particle 
lines and adding diagrams of the type o f the third 
and the last one of Fig. 8 with reversed direction 
of the lines joining the boxes. (Note that one has 
to redefine the Q H 1 ' 1 (^-matrix elements as not to 
include the v-interaction part in order to account 
for the quadratic operator links in Figure 8). The 
corrections introduced by our extension are ex-
pected to be small, since the y m i with ra > JV, i ^ N 
are zero and the ymn with m,n>N are supposed 
to be near to d m n • An indication that this is the 
case is the reduced number of infinite summations 
in the definition of the ymn as compared to the de-
finition of ytj with i, j ^ N. The definition of the 
ymn contains one more summation over hole states 
(indices below the Fermi sea) than the ytj . There-
fore, comparing our linked cluster expansion with 
the Thouless expansion [18, 3], we recognize that 
ymn involves diagrams with one more hole line. 

Also the other additional terms of Fig. 10 contain 
one or two more hole lines for the leading contribu-
tions (see Figures 7b, c). 

5. The generalized HFB-Equation 

W e now impose the expectation value 

<0 \es+(H + £Nop)eS\ 0) 

~ <<£|es+eS|<Z>> 

to be stationary with respect to infinitesimal varia-
tions of 0. The subsidiary condition is Equation (9). 
I t can be shown by group-theoretical methods that 
any HFB-state 0' may be represented as [19] 

\0 ' y = e s B \ 0 y ; 

SB = C 0.0 + 2 °ai + -I 2 C°ab2*b*a 
ab ab 

+ - 1 2 ab 
c 0,0 = _ 1 2 

2 . /O2.0 * 
uab — vba > ^ab — vab •. 

Ca,b — uab\ 

where u+ = — u and v = — v and u, v being indepen-
dent, as is not the case for the A, B of Equation (2). 
The stationarity condition of R ' yields that the 
partial derivatives of the expression 

E' 

H' 

<•0\e S B + e s + H'eS e SB\0y 

(01 eSB+ es+ es eSBj0} ~ 

H + £N0P (16) 

with respect to SB, SB+ vanish at SB = SB+ = 0. 
i . e . : (Stationarity with respect to a variation of S 
is fulfilled, if Eqs. (8), (11) und (12) hold.) 

dE' 

dSB+ 

8 E' 

f!r=°o~ eSB 
SB = 0 — 0 — 

= 0 

8 < 0 | ( l + - £ £ + ) e s + # ' e 5 ( l + £ j 3 ) | 0 > 
8SB (1 + SB+)es+es{l + SB)\0} SB=SB+=0 

Since in this expression only the term C2>° of SB contributes, we arrive at 

e<?: 27o- <0\es+H'eSC2>°\0} c* j0=0=0; (a1<a2), 

which can also be obtained from (16) by replacing SB by C2>0 and SB+ by (C2> °)+ = — C0>2. This modified 
expectation value is a sum of linked diagram contributions. The partial derivatives of this sum with 
respect to C 2 ' ° at (72>° = C°>2 = 0 must be zero. Only those diagrams with no C° '2 - l ink (no second order 
link in the upper sequence) and one C 2 ' ° - l ink (one second order link in the lower sequence) need to be 
considered in the differentiation. An approximate expression for the sum of diagrams corresponding to 
our generalized Brueckner-approach and contributing to the differentiation is given by the diagrams o f 
Fig. 12 with the algebraic expression: 

Fig. 12. Approximate sum contributing to the differentia-
tion of (16) with respect to C2-0. 

E = 
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— 2 CthatYai'aiYat'a» ] 9 ^ai'at "i" gj 2 ^b'ibzba, oi' ^bi'bi'ba'at' Ybi'bi Ybi'bz Yb3'b3 
a iü2 
a\ ai 

616263 
bi'bt'bi 

~f" 2 2 Hb[,bi'aiaiYWbi.~^~ 4 2 ^az'cn'ai'azYasazYai'ai 
bibi' «3 «4 

dz dt 

TJ' 2,0 I V r / 3 , 1 ' 
-°0304 1 L1610304,61' Ybi'bi 

6161' 

Minimizing E with respect to independent Cai f l2 and considering that Caia2 is antisymmetric, Ave obtain: 
uO,2 I £\70,2 1 V 1/1.3 ' 

naia2 1 ?lvai02 1 Z* "61, fti'fliaa Ybi'bi 
6161' 

Q I 2 (-^616263,01 ^,6i'62'63'o2 ^616263,02 Cbi'bi'bs'ai) Ybi'bi Ybz'bz Ybs'ba 
0 • 616263 

bibi'bt' 

(17) 

+ 2 2 ^03'04'aia2 7ö3'03 y04'fl4 [-^0304 ^"^ 0304 2 6l0304 , 61' Ybi'bi 
O3O4 6l6l' 

as'a*' 
for all « i , 02. 

A Hermitian adjoint equation results from 

dE' 

SB=SB* 

= 0 

= 0 . 

In the case o f <7aii..a4 = 0 (y' = 0), (17) reduces to 
2 + |A r° .2 = 0, the minimum condition of H F B -

theory. As in the case of HFB-theory the H F B -
transformation (2) is not completely determined b y 
(17), since a unitary transformation of single-par-
ticle states, which do not alter 0, remains un-
determined. The complete system of equations de-
termining the "short range" part S and the " long 
range" part S B of the correlations in the wave 
function is given by the Eqs. (8), (9), (11), (12) and 
(17). These equations should be adequate to give 
a description of, e .g . the ground state energies o f 
Ca-Isotopes, when using the full Reid potential. U p 
to now such calculations have been done only with 
the simplifying assumption that the standard H F B 
equations are valid for an "effective potential" given 
by a suitable Brueckner G-matrix. 

In fact, Eq . (17) has a structure which makes 
plausible such a procedure, however a more refined 
justification can only be found by a detailed numer-
ical investigation, which remains to be done in the 
future. 

Appendix 

This appendix is devoted to the exposition of our 
diagram language and diagram rules. Our definition 
of diagrams is inspired by the graphs used b y da 
Providencia and similarly Schäfer in defining cluster 

integrals [11,13.14]. However, whereas those graphs 
do not allow to establish a linked-cluster theorem 
for the normalized expectation value of an operator 
or for the norm of the wave function our diagrams 
do, because of treating the indices above and below 
the Fermi sea in the same way. A general proof is 
given in [20]. 

Inserting the expressions for Fi, Fj and Q in 
Eq. (4) and extracting the C- and ^-coefficients 
f rom the expectation value, we obtain a sum, whose 
terms are products o f factors 

1 . 1 
I Cai> 

n 
P ! P-

one factor (1/ra! n\)q™'v and the remaining expec-
tation value of quasiparticle operators: 

<01 a « W + - + /<V) • • • (<*6* • • • a£a 6 n <. . . aftl0 
• a + . . . a i 1 + . . . + ^ | 0 > . (18) 

A necessary condition for (18) not to vanish, is the 
equality of indices with stroke 

to a permutation of indices without stroke 
m, ci\,..., afljj—u fip) • 

Therefore, we can sum over the permutations 
71 £ S. m + nH h Hp of the indices without stroke, in-
stead of summing over the indices with stroke. 
Having suitably renamed the indices, the expec-
tation value (18) is equal to ( + 1 ) for 7r = id (id: 
identity) and (18) may be replaced by (— l)71, pro-
vided that the set of {b[, ..., b'n)-indices, being all 
unequal to each other, is included in the (a\, . . . , 
ajUl + ... + /Jp)-indices, being also all unequal, and pro-
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vided that the set of unequal (&i, . . . , bm) is in-
cluded in the set of unequal {a[, ..., a^+...+fl-p.). 
Otherwise (18) vanishes. Every term of the sum (4) 
characterised by fixed values of n, m, i, j, p, p', 
IUI,jUp, fi[,...,f/p', ai, ...,aMl+... + ltp and n 
can be assigned a diagram representing the contri-

1 
bution of that term to the sum. A factor — C„, a 

[X! 
is represented by a " l ink" with // joining pieces for 
quasi-particle lines a\ ...au. In the same way a fac-

1 
tor —j- Ca i ^a u is represented. Links representing 

/ / . 
C-coefficients are drawn in a lower sequence side 
by side, arranged with respect to the number of 
joining pieces from the left to the right, the links # 
for the C-coefficients being arranged in the same 
manner in an upper sequence. Joining pieces with 
the same index in the lower and upper sequence 
are connected by a quasi-particle line (q.-p. line). 
Every joining piece in the lower sequence must be 
connected to one in the upper sequence, in order 
that the diagram contributes to Q. The topological 
character of the arrangement of the q.-p. lines is 
determined by the permutation n of the a-indices. 
To each different n corresponds a diagram with 

corresponding permutation of the q.-p. lines at the 
upper or lower link-joining pieces. Two diagrams 
that contribute to the norm <[xp\xp> ( $ = 1) are shown 
in Figure 1. Diagrams contributing to an unnor-
malized operator expectation value Q, Q being of 
the form 

2m,n + -1-
9b,b' «6, ••• aft«<*6,.'•••<*&!' » m : n : b b> 

have a special Q-link o n the left side of the lower 
sequence preceeding the C-links, with m joining 
pieces for q.-p. lines b\... bm, and another Q-link on 
the left side of the upper sequence with n joining 
pieces for q.-p. lines b[ ... b'n. Both Q-links together 
represent the factor (1 /ml n\)q1by . By reason of 
the argument following (18) the q.-p. annihilation 
part of the Q-operator (^'-indices) in the upper se-
quence and the q.-p. creation part of Q (6-indices) 

* 
are connected to C, C-links in the lower and upper 
sequence, respectively. N o diagrams with direct 
q.-p. line connections between the Q-links in the 
lower and upper sequence are allowed. Figure 2 (a) 
shows an example for a diagram contributing to Q, 
for Q being of the type q3>1. This diagram has the 
value: 

1 * ^ 3 1 + + — ^ + + I 
I a i ^'aia2a3a4afl4a03afl2aai o i ?ai0402, as aai a04 a</2 aos 9 1 ^asos^os a„3 | ^ J v̂ aia2a3«4 f̂l4 v̂03 '̂«2 U1 ß J 2aia4a2,a5 "Ml "«4 «2 9 j 

1 * 1 Q 1 1 1 * 1 O , 1 n „3,1 f i _ r\ „3,1 p 0102 03 04 "010402,05 2| OöOs ^J Ol 02 03 04 g j 2010204,05 a30s 

A diagram without indices at the q.-p. lines, is de-
fined to be the sum of all topological identical dia-
grams with indices. The rules for the evaluation of 
the corresponding algebraic expression of a given 
diagram without indices are summarized here: 

1. Attribute to each q.-p. line a general index 
and provide thereby the factors 

1 . 1 n n > j ^oi'...a „ > I ^01...a„ 
r • r • 

* 

for the C-, C-links with indices. 
2. Multiply by a factor l / (&i ! . . . k v \ ) , if there 

are k\ . . . kp C-links of the same type respectively 
in the lower sequence, (i.e. they have the same 
number of joining pieces), and a factor lj(k[ \ ...k'p\) » 
for the C-links being of equal type in the upper 
sequence. 

3. Multiply by a factor l / ( m ! n OC.'.VL. &Y for 

the Q-links, where b[ ... b'n denote the q.-p. lines 
joining the upper $-l ink and b\ ...bm denote the 
lines joining the lower Q-link. 

4. Sum over all indices of the product. 
5. Multiply the sum by a sign which is given by 

the number 2 of interchanges of q.-p. lines at the 
upper and lower links necessary to obtain a dia-
gram, where the q.-p. lines are drawn parallely from 

* 

the Q-links to the nearest C-, C-links and the re-
maining lines connecting C-, C-links are also par-
allel. The sign is then ( — l ) z . 

This sign rule can be gathered from expectation 
value (18). (From 

(b[... b'n) = (ai... an); (61. . . M = ( % . . . am); 
[an+1 ...aMl -1 1- fip) = (am+1 
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follows that expression (18) equals + 1 . ) The first 
diagram of Fig. 2 for example is transformed after 
2 interchanges of q.-p. lines into the second dia-
gram. Therefore, (a) has sign (— 1 ) 2 = + 1 like (b). 

W e define a diagram to be unlinked, if it consists 
of at least two parts, which are not connected to 
each other by q.-p. lines. A topologically discon-
nected diagram such as that shown in Fig. 3, is 
considered to be linked, because the $-links a r e 

thought to be connected to one Q-vertex. In order 
to write the contribution of an unlinked diagram 
as a product of factors corresponding to the amounts 
of the linked parts, we have to abandon the Pauli 
exclusion principle in the expectation value (18), 
i .e. its value is defined to be (— \)n, even if the 
unequality conditions for the indices following (18) 
are not satisfied. The resulting error is cancelled in 
the sum of the diagrams, since for each diagram 
with two q.-p. lines, having the same index, there 
is another diagram with those q.-p. lines at the 
joining pieces in the upper or equivalently lower 
sequence being interchanged. The contribution of 
this diagram has a reversed sign by reason of the 
factor (— i ) n and the same absolute value. An ex-
ample is provided by Figure 4. The diagram of 
Fig. 4( a) has the value 

1 1 1 . 1 
2! ' 21 21 

1 
Cc 

1 
2 ! 

Cbc, 

whereas the contribution of Fig. 4 (b ) has the op-
posite value. The contribution of the diagram in 
Fig. 4(a) with indices absent, can now be written 
as follows: 

1 / ~ 1 . 1 
T \ 2 9 | C a i a 2 Ca i ü 2 
** \öl«2=l - ' - * 

The same contribution is produced by the diagram 
of Fig. 5, where the links in the upper or equiv-
alently low'er sequence are interchanged. 

From Fig. 1 we recognize that a permutation of 
q.-p. lines at the same link leads to a diagram with 
equal contribution, because the change in the sign 
(—I)1 1 is the same as the change of sign in the 

antisymmetric C-, C- or Q-coefficient clue to the 
corresponding permutation of the a-indices there. 
The sum of all these diagrams can be comprised in 
one new diagram with points representing the C-, * 
C-links and circles for the $-links. The diagrams of 
Fig. 2 are thus absorbed in the diagram of Figure 6. 

Each diagram of the new kind can be represented 
by a matrix z{i, j); i = 0, 1, ...,p\ j = 0, 1, ...,p', 
where z(i, j) is the number of q.-p. lines connecting 
the t-th link in the lower sequence with the j-th 
link in the upper sequence (i, j = 0 : Q-links; i, j — * 
1,..., pp': C-, C-links). /ui, fit' being the number of 
q.-p. lines joining-pieces for the i-th lower or upper 
link, z(i, j) obeys the relations: 

v v' 

?' = 0 j—0 

It can be shown, that the number of different dia-
grams of the old kind comprehended within one 
diagram of the new kind is 

/=nn 
7 = 0 i = 0 z(i,j)\ 

! • • • 
' [Xp'\- [XQ I. HP 

where z(0, 0) = 0 (0! = 1). Multiplying a represen-
tative diagram contribution of the old kind by / 
the factors l/jul and l / ( m ! - w ! ) appearing after 
the diagram rules are cancelled. Dropping these 
factors and replacing / by 

/ ' = 1 
v v' 

n n ^ i ) ! i=0 j=0 
(19) 

(a factor 1 fz ! for each direct connection with 2 q.-p. 
lines between two links) we obtain now somewhat 
modified diagram rules. 

A further summing up of diagrams can be done 

by permuting C-, C-links of the same type in the 
upper or lower sequence together with their q.-p. 
lines connections. The diagrams of Fig. 13 are gen-
erated in this way from the diagram of Figure 13 (a). 
W e define a diagram like that of Fig. 13(a) to have 
a symmetry factor 1, if all diagrams generated this 

(c) 

Fig. 13. Diagram (a) is defined to include all different dia-
grams created by link permutations, i.e. (a), (b), (c) and 
(d) shall represent the same diagram and are not considered 
to be different. 
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way are different. Their number is with inclusion 
of the original one k\! • k-2 ! • . . . • kp! • k\ !•...• kp'! 
where the k's are those of the diagram rules. I f n 
identical diagrams can be generated by different 
permutations in the lower and upper sequence, the 
symmetryfactor is defined as l/?i and is to be multi-
plied by the above number for determining the 

Fig. 14. Diagram with symmetry factor 1/2. 

quantity of different diagrams. Therefore, the fac-
tor l / ( & i ! . . . kp! • k\ ... kp !) prescribed after the 
diagram rules can be omitted and be replaced by 
the symmetry factor 1/n, thus including the sum 
of the contributions of all different diagrams, which 
are created by possible link permutations. In 
Fig. 14 a diagram is shown, which has s\'mmetry 

factor 1/2, since interchanging of the first and third • 
C- and C-link leads to the same diagram. 

For the special case, that the q.-p. operators are 
given by Eq. (5), the diagram of Fig. 7(a) is sep-
arated into the diagrams of Fig. 7(b) , (c), (d). For 
these diagrams the factor (19) has to be replaced by 

! \i,i= 0 i,j=0 ) 

where zp(i, j) denotes the number of particle-lines 
and Zfi (i, j) o f hole-lines connecting the i-th link in 
the lower sequence with the /-th link in the upper 
sequence. Similarly the factor l / ( m ! - n ! ) of the 
operator qm>n has to be replaced by 

1 l(mp \ • mh \ -np \ • nh\), 

where m p , n p is the number of indices in the lower 
and upper Q-link above the Fermi sea and mji, nh 
the number of indices below the Fermi sea 

{nip -f mh = m; nv + nh = n). 
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