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A cluster expansion for the expectation value of operators with correlated wave functions is
presented. A variational approach to the Brueckner theory with occupation probabilities is gen-

eralized and HFB theory incorporated.

1. Introduection

The usual approach to the Brueckner theory is to
derive the expression for the ground-state energy
of a many-particle system from perturbation theory.
By a partial summation of Goldstone diagrams, the
Bethe-Goldstone equation defining the Brueckner
two-body G-matrix is obtained. A refined version
of the Brueckner theory [1] uses true occupation
probabilities for single particle levels.

Da Providencia and Shakin employed a varia-
tional approach to the Brueckner theory [2], using
a correlated wave function of the following form:
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With the help of a partially summed cluster ex-
pansion for the expectation value (y|H |y)/{y|y)
of the Hamiltonian H of the N-particle system and
a variation of the C-coefficients they arrived at a
system of equations, which in the case of infinitely
extended matter reduces to the Brueckner approxi-
mation of Brandow’s theory [1, 3]. (The full formu-
lation of this theory involves n-body operators in
the definition of S.)

Wave functions of the form (1) including n-body
operators in S have been investigated for the first
time by Coester and later on by Kiimmel and
Lithrmann [4—9]. (See also Ref. [10] for the case
that S is a general two-body operator.)

In this paper a cluster expansion is presented
dealing with general quasi-particle creation opera-
tors ot (fermion operators) in the correlated wave
function instead of single particle operators a*, a,
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including the wave function (1) as a special case.
Our cluster expansion proceeds in terms of the
C-coefficients rather than in terms of cluster inte-
grals [11—14], which themselves are polynomials
of the C-coefficients. The cluster integrals of higher
than second order, being complicated functions of
the C-coefficients, are neglected in [2]. In the case
of an infinite system, third crder cluster integrals
along with a 3-body operator part in S are con-
sidered in [15], where the 3-body Bethe-Faddeev
equation is obtained after an appropriate approxi-
mation. Within our approach a wider class of di-
agrams contributing to the expectation value of H
is summed up within the Brueckner-scheme, espe-
cially nonvanishing occupation probabilities for par-
ticle states above the Fermi sca are introducad.
This generalization of the standard cluster expan-
sion, which treats unoccupied and occupied single
particle states “democratically’ arises naturally in
our quasi-particle formulation and is a necessary
first step for incorporating the HFB theory into
a Brueckner-scheme.

Minimizing the partial sum of diagrams with
respect to the C-coefficients, we obtain a system
of equations which can be recognized as generalized
Brueckner theory, if we define the quasi-particle
operators «, o™ by means of a Hartree-Fock-Bogol-
jubov (HFB) transformation

ap =2 (Apgog + Bpgg*);

7
opt = Z (Agpaq™ + Bgpaq) - (2)

7
In addition, we obtain a generalized equation for
the 4, B-matrices which includes the minimum con-
dition of HFB theory [16] in the special case C'=0.
The need for such a unification of the HIFB
theory and the Brueckner theory is motivated from
the fact that one should have a microscopic theory
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(starting with realistic N-N forces) for nuclei, where
pairing effects are known to be important (e.g. Ca-
Isotopes). Such a theory has been formulated up to
now only for infinite systems using, however, the
method of correlated-basis-functions [17].

2. The Cluster Expansion and Linked Cluster
Theorem

For a given set of fermionoperators og, aq* the
quasi-particle vacuum @ (with normalization (@| D)
=1) is defined by

aq|®> =0 for all a.

The correlated wave function is written as:

w=es¢, ®3)
S_v z Calaz“ax oc,,2 +oe
aas
+_ z Ca1 aa;;p atj;J'_...:ZCr,
?la’ iy r=2

where CT denotes the operator part of S with r
quasi-particle creation operators. Without loss of
generality the C-coefficients can be antisymmetriz-
ed with respect to the a-indices. The power series
of eS yields:

oo
eS=> Fy;
i=0
Fi — _ Cl‘l--.C‘“p,
pzl MlS"'§#p kl ' ]Cp‘
it pp=i
where ki, ..., kp denotes the number of equal fig-

ures in the p-tupel (u1, ..., up) respectively.

The unnormalized expectation value of a general
operator @, written with quasi-particle operators in
normal order

3 e ¥
m,n=0 m! n! bi...bm
by'...ba’
X ) T+ vt
Doy'...bom, by'..bn” Ky "7 Kby Kby " Ky s

where the coefficients ¢’} are antisymmetrized in

the b- and b’-indices, reads:

=(D|e5' QeS| Dy = 2 (D|Fi+QF;| D). (4
i7=0
Using the Wick-rule in the evaluation of each term
in Eq. (4), it is now straightforward to construct
diagrams D and diagram-rules such that ¢ can be
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written as the sum of all contributions from all
(topologically different) diagrams
)= Qp; A:=set of all diagrams.
DeA

The structure of these diagrams (examples are given
in Fig.1—6) and the explicit diagram-rules are
presented in the appendix. The main advantage of
this diagrammatic language is that a linked cluster
theorem holds, saying that the division of @ through
the norm cancels all unlinked diagrams, so that we
have the linked expansion

<1P|Q|1/2:ZO _ L:=set of linked
<yl =P diagrams.
(a) (b)

Fig. 1. Diagram (a) contributes to the norm {y|y) with

1 » 1 £
{P| 91 Caraz a2y en Cara20q, g, | D)

1
= 91 Caras” 91 Cayas.

The contribution of (b) is
<¢’l

Calaz Xag Kay ?" Cazax “az o‘l/h |®>

1
= -2—! Cax az "’ —2—! Caza, = 5 Calaz * 20 Caia,
and thus equal to that of (a).

9% 9 9 % g

(a) (b)

Fig. 2. Diagrams contributing to the unnormalized expecta-
tion value of ¢3-1.

Fig. 3. A linked diagram, although topologically discon-
nected.

aEl Dc oc

Fig. 4. Two diagrams which violate the exclusion principle
and yield opposite contributions.
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3. Definition of the Generalized Brueckner Theory

We now specify the fermion operators «, at as

Fig. 5 Diagram resulting from Fig. 4 (a) by permutation of being defined by t'he HFB-transformation (2). The
upper or lower links. Hamiltonian H with two-body interaction v

H=T+V=>tyas a,
»q

+ 11‘ z Vpg,rsQpT Qg asay,

pars
Vpa,rs = pq| V|1, tpg=<p|T |,
Fig. 6. Diagram including the two diagrams of Figure 2. l ab> = agtapt l 0>,

is expressed by normal ordered fermion operators

1 1
= —_ HO2 1.1+ 20 4+
H - HO’O + Z ( Halazuﬂzaax + Hal’azaal maz + 2| Haxazaax aaz

A
aiaz \ <
1
| il R . gl3 + _ 22 S
i (4' Ha{agagag“m“a:”-az“m + 3‘ Hal,azana4°(al aaaaaaaﬂz + 2 | 2, 1a1az,a3(l4aa1 aaz aa.“as
a azaszds 2 ) L/

Bl o 15 | + + + 7740 + o+t +

+ 3 ! H(llazaa.(14aa1 aaz aaa aaq + 4 ! II(llazaaa4U‘a1 a‘(lz aaa aaq) ]

where the coefficients H}’ are antisymmetrized in the a- and b-indices, respectively, and by rea-
ai...ai,bi...b; A )

son of H+= H fulfill the relations:

HO2 — F20 . pli _ pid FO4 — 40

B *
aaz apaz’ a,az az,ay? a1a2a3a4 aaz2asay’ H(}lﬁazaah s Hg;laaaq,az; Hgii:lz,(l.’sa«t = H:l-):,:i,a.alan &
After introducing the density matrix [16]
*
Qab = éba = <® I apytag | ¢> == Z Bap Bbp
and the pair function ’
*
Xab = — %ba — <¢| Gq Ay I D)= zAapBbp
P

the antisymmetrized H; ;-coefficients can be written:

*
HO0,0 = z tab Ova - lg z Vab, cd Oca 0db + % z Vab, cd® ba%dc -
ab abed abed

HL1 = z [ Z tab (/Iaal Abaz - Bauz ébal) +a§dvab' cd

araz | ab
] * * - 5 1 +
N § i i a i / Py
(Aam Acaz OQaday — Bca; Baae Oab + 3 Aaal Bbazddc + 3 BdmAcaz ’fba)l Oy, %qy 5

Hglzaz = Z tay (Abm Baaz - Abaz Baal) + ila Z Vab, cd
ab abed
' (AllazAtax iba + Baaz Bba; %de + 2 (‘40(11 Baaz - Acaz Baal) de) s

»* * * * * * * * »
3.1 _ p >
Hblbﬂbﬁval = z 'Uab, cd (Aar';l A[l[)g Bdl)aA('al + Aa’)z Abba B(H)l ‘1('(11 + Aab:xAbbl ‘bllbz ‘4011!
ade * * - * * * * * *
+ A gy, By By Byg, + Aoy Bivs Bt Bpay + AvsBayy Bois Bray) »

* -

» * * *
2,2 = 4 1
Ha;az,al'az' - z Vab, cd (AamAbazAml'Adaz' na B(Iﬂl caz Bbal' Baaz’ EIF Aaal BcagAdal' Bbaz’
abed
*

* * - *
- Aaaz BcalAdax’ B[)ﬂ::' - Aam Bt‘az Adaz’ Bba;’ + Aaa: Bca;Adaz’ Bbal’) ’

~ o~ |~

0,4 — 3 & 3 5 L .
Ha;azd:nth — Q/ﬂla'.’:a‘ﬂla I z’aqaa,axaz + laqal,azas U lmag,azaq + lﬂzaq,ﬂlaa I Lazaa,aqau

~ — /
Casas, amiaz = & Z Vab, cd (Baa, Byas Adas Acar) -
abed
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We first discuss the standard Brueckner case resulting from the ansatz (1) for the wave function which
is in our language given by the special transformation

ap =upapt +vpay; apt =upap+vpap;

up=0 for p>N; vy=1—1u,
Diagram contributions to {y | @|y>/{y|y) can now
be divided into terms, where the summation indices
run only over values below the Fermi sea (< N) or
above the Fermi sea (> N). Diagrammatically this
is represented by a downgoing (hole line) or upgoing
(particle line) line. For example, the diagram
of Fig. 7(a) is then the sum of the three diagrams
in Figures 7(b), (c), (d).

X >4 x4 X

(a) (b) (c) (d)
Fig. 7. Splitting of diagram (a) into diagrams with particle
and hole lines.

(In our diagrammatic language the heavy dots in

the upper sequence represent factors C.'alr ', While
the heavy dots in the lower sequence describe fac-
tors Cy,.. 4, Circles denote the matrix-elements
HYl. 4 ar...ars See appendix.)

The expression for the energy E of the system
as evaluated in Ref. [2] expressed in our diagram
language is given in Figure 8. The quadratic oper-
ator links indicate that only that part of H1.1 con-
taining the ¢-matrix elements is to be used. This is

E= z tijyis + % Z 'y

=N yt'y'=N

up =1 for

PN,

(N := particle number) . (5)

due to the fact that there is no normal ordering
procedure in the cluster expansion of [2]. There are
two equivalent representations for £ in Fig. 8, where
vi; = ¥ij + 0i;. Boxes with the y symbols stand for
an infinite partial sum of diagrams to be inserted
there. y is given by the diagrammatic equation of
Figure 9. Algebraically Fig. 8 and Fig. 9 read, with

BUSR AN
ol VB B B 50

Fig. 8. Ground-state energy of Ref. [2] translated into our
diagram language.

Fig. 9. Diagrammatic equation of Ref. [2] for 7;; with
reversed order of indices and opposite sign. The direct
downgoing line represents ;5 (7, j = N).

E denoting the approximated energy expectation
value (y| H|p>Ky|y):

VS + 8tV + 8T + V)S|ij> yeiyis

z tlj?z]+2 Z tmn Cun’ zjomn ijVHVj]T

Z Vi'g, g YiiVis

1J=N mn>N w_
' =N t')'=N
+31 > Cmn,i'j'vmn,ij yiivii+% > veir, mnCmn, i Vi Vivs (6)
mn>N iji'j’ =N
iJi'i’ =N . mn>N
1 5
+ % Z Ym’'n’, mn Cm'n’, 4’ Omn,ij Yi'iVi’is
mnin'n' >N
iJSN
*
vii=043—2° > it Cmn, ik Y&k Cmn, vk - (7)
mn>N
kK= N

The generalized Brueckner theory which we want
to formulate within this paper is now given by the
natural extension of the ‘‘standard” prescriptions
expressed by Fig. 8, 9 to the case of general quasi-
particles and is given diagrammatically by Fig. 10

Fig. 10. Extension of Fig. 8 to a sum of a wider class of dia-
grams.
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and Figure 11. Since now particles and holes cannot
be distinguished, we have to treat equivalent lines
“democratically”, i.e. we are necessarily lead to sum
up the wider class of diagrams given by Figs. 10
and 11. This is the simplest possible generalization
of the Brueckner scheme (Fig. 8, 9) to quasi-par-
ticles. Note that also the y-matrix is now defined
for all indices (below and above the Fermi sea) and
that the first two diagrams of Fig. 8 are now in-
corporated in one diagram involving 9’. It can be

Ya,b = — 6ab+

" a1020304
ax' as’ aqd
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al q a
¢=- +>@
b b b

Fig. 11. Generalized diagrammatic equation for y.

shown, that the solution of the equation for y
(Fig. 11), obtained by iterations with y=0 as a
starting point, is a Hermitean matrix. The algebraic
equation corresponding to Fig. 11 reads:

1 »
31 Z Va0 Ca1020504 Vs’ as Yor' as Yas' as Cbay'as'as - (8)

(The factor 1/3! is necessary to avoid overcounting of diagrams.) The algebraic expression for the energy

(Fig. 10)
E=H% 43 Hil, v, +

aaz

+

1
4 ' alazaazu

ar’az’ as’as’
*

1 9 ’ 7
? bzcd H :LI,Ecd Yea Vav
Ca

*
4,0 0,4
z (Ha1a2a3a4 Cm'az'aa’a{ = H(lx'tlz'an'aa' Calazaaa) Yayar Vaz' as Vas' as Vas as

1 2.2
T8 Z Has aq ,aaa40a1'az'aa'a4' YayarVas az Camzaaaa

1020304
a) a2’ as’aq’

is a real quantity, if y is Hermitean. To minimize £
with respect to variations of C'and C the subsidiary

condition (8) on C, C is taken into account by
Lagrange multipliers egp:

:E‘{'Zeba
ab
1 o v %
. )’ab‘i’aab*‘}'” Z Vaalc}’}’)/c .
3’ ay...dq
az'...aqd

We have to express I as a function of C,,4,4,4, With
a1 < az< ag<< ag with the help of a sum over per-
mutations 7 € 84, in order to take into account the
dependence of the C-coefficients due to antisym-
metry. Since the wave function (3) is generally no
eigenstate of the particle number operator

Nop—z(la aa,——VOO—}— Zquapﬁq

EN optog + 1ZNM aptag’,

1.1
Evu:_Hv, _‘ENI I

Z Hla ue y('a Z

aazas
ai’az' as’

__H04

-
4.0
(Hva1a2a3 Cual'az'ﬂa

c“l'-‘

+

*
(}IHaz as’,azas Clﬂll'llz'aa' C"alﬂﬁaﬂ Yar'ar

.“(l1 az’ as’ Cl‘dxa:‘.aa)

NO'O = Z .éapBap,
ap .

Z (Aa-pAaq -

a

Ngz'?: 22‘4WB“P’ N;Z);IO = 22AapBaq’
a a

Né’,; = BapBaq)’

we demand the expectation value

<p| Nop |9 [<y|w>

to be equal to N. This gives rise to the additional
subsidiary condition

NOO_*_ZN"N [w—zvzo? (9)

which is taken into account with the help of the
Lagrange parameter £. By differentiation of

B N00+2Nz)77q11—N)

7

with respect to y, we obtain:

(10)

1
(31)°

A\l
(Z Ebu Cbal a2’ as ) Cvamzaa] Yarya, Var'az '}’aa’aa)
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(4 denotes the antisymmetrizing operator Z (—1)7z for the indices u, ay’,
with respect to C' leads to: S

0,4 _
Halazaaac — 6 z (— 1 Z aba‘t(l)Cba-x(z)a'!(a)a'x(d)

neSa

ag’) and differentiation

az,

-
2,2 -1
- %z (_1 Z Haa a4, as"’aq’ Caama-,mas ad’ yaa A (3) ya,a Aa(a) * (11)
neSy as’as’
as’’as”’
Inserting H%:4 from (11) in (10) we obtain:
»
. ) B 1,1 -1
vy = — H",I‘ - ENV, Z Hlﬂ ue yt‘a = i Z Haa [ aaa4Cal'az'M:'a4' Yar'ar Vas' az Clllll 2Vd4 ylla#
ar
ar’. 114
! 40 O
- 'g“ z Hva;azas C;lllx a2’ as’ Yar'ar Yaz'az Vas'as (12)
taiazas

ar’az’as’
A Hermitean adjoint equation is obtained by differentiation with respect to C. g, is not Hermitean,
whereas ¢y is Hermitean and the relation ¢y =y ¢t applies similar to [2]. If the Egs. (8), (11) and (12)
are fulfilled by the C- and y-coefficients, F' becomes the minimum value of the energy E:
Emm = H0.0 + ZHM az '}’azax zHaluz a’as’ ?’m a1 yaz az *t z €aa + z Caraz Yasax

aiaz alaz ayaz
ay’as’

, A 4,0 A
h ZT Z Halazaaad Ca;’az'aa'aa’ Yay' a1 Vay'as Vas'as Vadas -
T a1az2a304
ar’as’as’as’

9), (11), (12) and (13) constitute our HFB-generalization of the Brueckner theory.

(13)
Equations (8), (

4. Structure of the Generalized Brueckner Equations

For the sake of comparison, we first reveal the structure of the standard Brueckner-scheme. Varying

Eq. (6) with respect to the C, C-coefficients under inclusion of the subsidiary condition (7) through Lagrange
multipliers &;; (¢, j < N), we obtain [2]:

E= Zeii+ZUij)’zj+ > vepayeivii+ % D vwi,ma Cmn, Vi Vi (14)
iI=N y=N uz}=.V U’ =N
mn>N
€ij:tij—( > Cmmzi Vmn, i Yi'y + z Vi, jj’ yu)—tw—f— Uy,
2N 22
?an>N =l
2, <mn| T+ V|i'i">pwyy + Z <mn| T+ Vm'n'y Owene, iy yirr iy
o
o ;ln]n;\’
—2 > Cumn,gn(ekiOtj + €15 0ki) Ykgyin =0 (m, n > N).
IHTEN

For infinite systems the matrices y; and ¢; are diagonal because of momentum conservation and we
obtain the standard Brueckner scheme involving Brueckner’s G-matrix:

E = Ztn—f— z<17|0|17>1—- Zuu;/ﬂ)

i=N <N t)’SN

e=T+U—-QTQ,

G=V+TV(Qe)G; In our case it is necessary to compare the system
g=t-+U; of Egs. (8), (11), (12), (13) to the Egs. (14) for finite
=+ z G| Glify (L — z'fu number of particles; especially here our HFB-gen-

i<N eralization is expected to be essential, when nuclear

where %ij—<leS+SIl:)> are the wound integrals
and the relation between G and S is given by

Cij| G e + &) |15> = Gj| V + VS [ij).

systems are treated (see however Ref. [17]). In the
energy expression of Eq. (14) appears a H2 2 term
(the third one) and a H40 term (the last one), which
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compensate each other to a large extend for the in the single-quasi-particle space, where

case of potentials induf:ing sho‘rt range correlationg P— Z o0 | D) (D ota;

In order to cast (13) into a similar form, we split a=N

the operators H!:1 and H2:2 into different parts, Zaa+|¢>> (P|ota,

which in the case of (2) being a HF-transformation a>N

(well-defined value of N) can be written: and

H2 2= PH22P + (1 — P)H22(1 — P);
HL1— PHL1P 4+ QHL1Q + QHL1P
=1 z x atoapt | DY {DP | apota
-+ PHL1Q a,b=N

in the two-quasi-particle space. Thus the operators can be written:

»*
+

PHL1P — Z — Ztab By, By, — z Vab, cd Bea, Bua, hdb] Fae L s

araz | ab . abed )
PHl’lQ = z z "}vab, CdBdaxAcaz Xpa| %a; %as 5

aiaz |abed

-

QHL1P = Z z $vap, CdAaax Bbaz Hdce O(;; %y 5

aiaz |abed

+

QHL1Q = Z zdvab chaalAcaz Oavb + z tabAaaxAbaz] °‘a1 %as >

aiaz | abe

1 rD + 4
PH2' 2 P = 2 | 2 \ Z [ Zdvllb. cd (B(l(n Bcaz Bbal' Baaz') aax aaa allz' aih' ’
F L5 aiaz |abe
cul’az'
5.9 1 3 * ’ * »
(1 — P)H%A(] — Py _2 | 2',_ Z [Z vab,cd(AaaxAbazAcal"'lzIaa' i3 Aam B('aZAlIall Bbaz’
d * aiaz |abed
ar’az’

* * »* * - * B +
- Aaaz BcalAdal' Bbaz' - Aua; BcazA(laz’ Bbal’ I Aaaz Bca1‘4daz' Bba;' Ky Fag %ay’ %ay”

These equations are maintained also in the case of a general HFB-transformation, although the P and
@ operators are not defined in this case. The matrix elements of the operators are now specified with
regard to a “smeared” Fermi surface. Writing Enyin in the form: (indices omitted)

Emin = (H%0+ > PHL.1P§ + } > PH%2P§8) + D eaa+ 2 (PHLLP 4 PH%2PO + ¢)y
S (QHMIQ + PHIQ + APy 1S PH22Pyy
+§ 2 (L — PRE%3{ —Piy'y 457 ZH"“CWyw

all terms of the first bracket cancel each other, with the exception of the pair interaction contribution
term %z Vab, ca%ba#dac of HO 9, The second bracket reduces to

abed
z [_ Z (tab Bpg, Bag,) - Salaz] Yaza, = Z [— Ts00 + €as0a) Vinas -
aiaz ab ayaz
Defining

& = &+ (QHL1Q + PHL1Q + QHLLP),u + (D (1 — PYH22(1 — P)y ),
we obtain:

F = Enin = %ZUV:%+Z&““+Z(_T+:9)7+?}ZPHZ’ZP)/)/
a

1
_12(1_ )H?2.2 P)y'y'+EZH4'OC+)’V}’7a (15)

i g 1 x
¢=T—> PH»2Py+}> H22CoaCal — yZH“LOC’oma.
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We recognize, that Eq. (15) has indeed a very sim-
ilar structure compared to the standard theory,
Eq. (14); there are single-particle terms involving
U, respectively ¢ — T, there are “hole-hole inter-
action” terms resulting from v, ;’;’, respectively
H2.2 and there are particle-hole terms (vij, mn, re-
spectively H40). Thus one may expect that in
Eq. (15) a similar compensation takes place as in
the standard case. A numerical investigation of this
question should be of great interest.

In case that (2) is a HF-transformation with well-
defined particle number N of @, the equations cor-
responding to Fig. 10, 11 result from the standard
Brueckner scheme (Fig. 8, 9) by insertions of boxes
with y (or 9’) symbols into some of the particle
lines and adding diagrams of the type of the third
and the last one of Fig. 8 with reversed direction
of the lines joining the boxes. (Note that one has
to redefine the QH1:1 Q-matrix elements as not to
include the v-interaction part in order to account
for the quadratic operator links in Figure 8). The
corrections introduced by our extension are ex-
pected to be small, since the y,;; with m >N, i <N
are zero and the yy, with m, n > N are supposed
to be near to d,;,,. An indication that this is the
case is the reduced number of infinite summations
in the definition of the y;,, as compared to the de-
finition of y;; with ¢, j < N. The definition of the
Ymn contains one more summation over hole states
(indices below the Fermi sea) than the y;;. There-
fore, comparing our linked cluster expansion with
the Thouless expansion [18, 3], we recognize that
Ymn involves diagrams with one more hole line.

o’

OE'

Also the other additional terms of Fig. 10 contain
one or two more hole lines for the leading contribu-
tions (see Figures 7b, c).

5. The generalized HFB-Equation

We now impose the expectation value
o {D| €5 (H+ ENop) eS| cD>
o (D|eS eS| D)

to be stationary with respect to infinitesimal varia-
tions of @. The subsidiary condition is Equation (9).
It can be shown by group-theoretical methcods that
any HFB-state @ may be represented as [19]
|7 = 52| @)
SB=C00+> Chpoatap+ 3> Coilapas
ab ab

2,0 .
+ 7} z Cab “a+ ab+ ’
ab

. obd .
0.0 = _}jzuau, Calb = Uav;
a
0,2 & 2,0 »
Cab = Vba; Cab = Vab,
where u* = — u and ¥ = — v and «, v being indepen-

dent, as is not the case for the 4, B of Equation (2).
The stationarity condition of H’ yields that the
partial derivatives of the expression
7 (D| eS8 eS"H' eS eSB | D)
(DSBS eSeSB| D)y
H' = H + £Nop (16)
with respect to SB, SB+ vanish at SB=SB+=0,

i.e.: (Stationarity with respect to a variation of S
is fulfilled, if Egs. (8), (11) und (12) hold.)

0 (D|(1+ 8B+)eS"H'eS(1+ SB) | D)

SB=0
SB*=0

0SB+ ~ 0SB

sp=0 =0=17gp (®| (1 + SB*)eSeS(1 + SB) | D)

SB=SB+=0

Since in this expression only the term C2:0 of SB contributes, we arrive at

0
s (Pl He 00| 0

a0

C20=0 — 0;

(al < aZ) )

which can also be obtained from (16) by replacing S B by C2:0 and SB+ by (C2:0)* = — (92, This modified
expectation value is a sum of linked diagram contributions. The partial derivatives of this sum with
respect to €2:0 at (2.0 = (0.2 = 0 must be zero. Only those diagrams with no €0 2-link (no second order
link in the upper sequence) and one C2:0-link (one second order link in the lower sequence) need to be
considered in the differentiation. An approximate expression for the sum of diagrams corresponding to
our generalized Brueckner-approach and contributing to the differentiation is given by the diagrams of

Fig. 12 with the algebraic expression:

Fig. 12. Approximate sum contributing to the differentia-
tion of (16) with respect to €20, >
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E 1 / 0 9
Z Calaz '}}ax ay yaz a o 01 az’
aluz
a’ a2’

! b1b2bs

b1 b1’

a3a4
as’'asd

Minimizing & with respect to independent C,
HO 2 ENaxaz bz H;;?bx'axaz yll)l'bx
11

anaa

-
3,1
+ z (Hblbzba,al Cbn'bz'bs'aa -
b1b2b3
bx ba'bs”

*
i z Covas aras Yas'as Vasas

azaq
as’aqd

for all a1, as.

H20

A Hermitian adjoint equation results from
0F'

—_— =0.
0SB |sp_sB+—0

In the case of C,, ,, =0 (y'=0), (17) reduces to
H0,2 1 £N0,2 — (), the minimum condition of HFB-
theory. As in the case of HFB-theory the HFB-
transformation (2) is not completely determined by
(17), since a unitary transformation of single-par-
ticle states, which do not alter @, remains un-
determined. The complete system of equations de-
termining the ‘short range” part S and the “long
range’ part SB of the correlations in the wave
function is given by the Egs. (8), (9), (11), (12) and
(17). These equations should be adequate to give
a description of, e.g. the ground state energies of
Ca-Isotopes, when using the full Reid potential. Up
to now such calculations have been done only with
the simplifying assumption that the standard HFB
equations are valid for an “‘effective potential”’ given
by a suitable Brueckner G-matrix.

In fact, Eq. (17) has a structure which makes
plausible such a procedure, however a more refined
justification can only be found by a detailed numer-
ical investigation, which remains to be done in the
future.

Appendix

This appendix is devoted to the exposition of our
diagram language and diagram rules. Our definition
of diagrams is inspired by the graphs used by da
Providencia and similarly Schéfer in defining cluster
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b1"ba"bs’

+ 3 Z Hb1,b1 a’az ',Vbx b1 + z Oaa ad'arax’ Yas'as Yas'as

-
3,1
bebabs, az Cbl'bz'ba'al) ‘,Vbj.'bx ybz'bz yba'ba
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*
3,1
+ Y z Hb1 babs, a1’ Cbx'bz'ba'az' V0,01 Vb2 b2 Vbs'bs

/') .0
aszu + z Hblﬂs‘“,bl ybx bl]}

L, and considering that C,,,, is antisymmetric, we obtain:

(17)

2,0 3,1 ’ S
asas + E 7Vau/u + z Hblaatu,bx' Yoo | = 0
1203y

integrals [11, 13, 14]. However, whereas those graphs
do not allow to establish a linked-cluster theorem
for the normalized expectation value of an operator
or for the norm of the wave function our diagrams
do, because of treating the indices above and below
the Fermi sea in the same way. A general proof is
given in [20].

Inserting the expressions for F;, F; and @ in
Eq. (4) and extracting the C- and @-coefficients
from the expectation value, we obtain a sum, whose
terms are products of factors

1 = 1

" a...a’y | ar...Qu°

one factor (1/m!n!)gy'y" and the remaining expec-
tation value of quasiparticle operators:

(D oar(py - Oty (0« 0t oy« e Opy?)
| DL (18)
A necessary condition for (18) not to vanish, is the
equality of indices with stroke

+ip)

- +
Xgy oo Ky o+

(P N I P I
to a permutation of indices without stroke
(bl, ...,bm, ai, ...,al,1+...+,,p) «
Therefore, we can sum over the permutations

€Syttt pu, of the indices without stroke, in-
stead of summing over the indices with stroke.
Having suitably renamed the indices, the expec-
tation value (18) is equal to (+1) for z=id (id:
identity) and (18) may be replaced by (— 1), pro-
vided that the set of (b, ..., b,)-indices, being all
unequal to each other, is included in the (ay, ...,

@y, 4 ...+ ,)-indices, being also all unequal, and pro-
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vided that the set of unequal (b;.....by,) is in-
cluded in the set of unequal (ag, ..., @yt yr,.).
Otherwise (18) vanishes. Every term of the sum (4)
characterised by fixed values of n, m, i, j, p, p’,
Py sy s Py woms s Oy ss By oss o and =
can be assigned a diagram representing the contri-
1
bution of that term to the sum. A factor ;l—' Cos...t
is represented by a “link” with u joining pieces for
quasi-particle lines a;...a,. In the same way a fac-

1
tor ul Cy,...a, is represented. Links representing

C-coefficients are drawn in a lower sequence side
by side, arranged with respect to the number of
joining pieces from the left to the right, the links

for the C-coefficients being arranged in the same
manner in an upper sequence. Joining pieces with
the same index in the lower and upper sequence
are connected by a quasi-particle line (q.-p. line).
Every joining piece in the lower sequence must be
connected to one in the upper sequence, in order
that the diagram contributes to @. The topological
character of the arrangement of the q.-p. lines is
determined by the permutation & of the a-indices.
To each different m corresponds a diagram with

1

1 1

*
3,1 —
4| Calazaam 3' Qauuaz as 2| Casaa -

1 »
a0 q,
A diagram without indices at the q.-p. lines, is de-
fined to be the sum of all topological identical dia-
grams with indices. The rules for the evaluation of
the corresponding algebraic expression of a given

diagram without indices are summarized here:

1. Attribute to each q.-p. line a general index
and provide thereby the factors

1 =«
"uT, aeays Ty Vaia,
for the é-, C-links with indices.

2. Multiply by a factor 1/(k1!...kp!), if there
are k1 ... kp C-links of the same type respectively
in the lower sequence, (i.e. they have the same
number of joining pieces), and a factor 1/(k;!...k)!)
for the C-links being of equal type in the upper
sequence.
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corresponding permutation of the q.-p. lines at the
upper or lower link-joining pieces. Two diagrams
that contribute to the norm {y|y) (@ = 1) are shown
in Figure 1. Diagrams contributing to an unnor-
malized operator expectation value @, @ being of
the form

el ml bzb s oy -+« Clor, Ol -+ Oy

have a special @-link on the left side of the lower
sequence preceeding the C-links, with m joining
pieces for q.-p. lines b;...b,,, and another @-link on
the left side of the upper sequence with » joining
pieces for q.-p. lines b; ... b,. Both @-links together
represent the factor (1/m!n!)gy;?. By reason of
the argument following (18) the q.-p. annihilation
part of the Q-operator (b'-indices) in the upper se-
quence and the q.-p. creation part of @ (b-indices)

are connected to C, C-links in the lower and upper
sequence, respectively. No diagrams with direct
q.-p. line connections between the @-links in the
lower and upper sequence are allowed. Figure 2 (a)
shows an example for a diagram contributing to @,
for @ being of the type ¢3:1. This diagram has the
value:

» 1
3.1 L e _
Calazasmaa.;aasaazaax 3 ] quxaqaz,as aal atu aaz aas 91 Oasaa“as “as | ¢>
. & .

Loe 1,

asas *

m,n

3. Multiply by a factor 1/(m! n!)gp™, ;. . for
the @-links, where b; ... b, denote the q.-p- lines
joining the upper @Q-link and b; ... by denote the
lines joining the lower Q-link.

4. Sum over all indices of the product.

5. Multiply the sum by a sign which is given by
the number z of interchanges of q.-p. lines at the
upper and lower links necessary to obtain a dia-
gram, where the q.-p. lines are drawn parallely from

the @Q-links to the nearest C-, C-links and the re-

maining lines connecting C-, C-links are also par-
allel. The sign is then (— 1)z

This sign rule can be gathered from expectation

value (18). (From
(by...b) = (a1...an); (b1...bm) = (ay...a,);
(@n+1 ..y + o+ up) = oz ...a;“:+...+,,:,.)
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follows that expression (18) equals -1.) The first
diagram of Fig. 2 for example is transformed after
2 interchanges of q.-p. lines into the second dia-
gram. Therefore, (a) has sign (—1)2= 41 like (b).

We define a diagram to be unlinked, if it consists
of at least two parts, which are not connected to
each other by q.-p. lines. A topologically discon-
nected diagram such as that shown in Fig. 3, is
considered to be linked, because the @Q-links are
thought to be connected to one @-vertex. In order
to write the contribution of an unlinked diagram
as a product of factors corresponding to the amounts
of the linked parts, we have to abandon the Pauli
exclusion principle in the expectation value (18),
i.e. its value is defined to be (—1)7, even if the
unequality conditions for the indices following (18)
are not satisfied. The resulting error is cancelled in
the sum of the diagrams, since for each diagram
with two q.-p. lines, having the same index, there
is another diagram with those q.-p. lines at the
joining pieces in the upper or equivalently lower
sequence being interchanged. The contribution of
this diagram has a reversed sign by reason of the
factor (—1)7 and the same absolute value. An ex-
ample is provided by Figure 4. The diagram of
Fig. 4(a) has the value

1 1 1 »

1 » 1 1
21 21 a1 Gy Car’ 2 e

21 Cac: 21
whereas the contribution of Fig. 4(b) has the op-
posite value. The contribution of the diagram in
Fig. 4(a) with indices absent, can now be written
as follows:

1 ® 1 . 1 2
Z a,aZ 12—!—011103 é| Calllz 2

The same contribution is produced by the diagram
of Fig.5, where the links in the upper or equiv-
alently lower sequence are interchanged.

From Fig. 1 we recognize that a permutation of
q.-p- lines at the same link leads to a diagram with
equal contribution, because the change in the sign
(—1)7 is the same as the change of sign in the

antisymmetric C-, C- or Q-coefficient due to the
corresponding permutation of the a-indices there.
The sum of all these diagrams can be comprised in
one new diagram with points representing the C-,

C-links and circles for the @-links. The diagrams of
Fig. 2 are thus absorbed in the diagram of Figure 6.
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Each diagram of the new kind can be represented
by a matrix z(z, j); ¢ = 0,1, ..., p; j =0, 1, ..., 9/,
where z(3, j) is the number of q.-p. lines connecting
the 4-th link in the lower sequence with the j-th
link in the upper sequence (¢, j = 0: Q-links; ¢, j =
1,...,pp": C-, C-links). g, ui’ being the number of
q.-p. lines joining-pieces for the ¢-th lower or upper
link, z(7, j) obeys the relations:

» »
_Zz(isj):,uf,; 202(1?7):/11
=

It can be shown, that the number of different dia-
grams of the old kind comprehended within one
diagram of the new kind is

~TTIT&

_/010"‘@7

B poleee iyl pol ..t pp!
2(0,0)!12(0,1)!-...-2(0,p") 1 2(1,0)!-... 2

where z(0,0)=0 (0!=1). Multiplying a represen-
tative diagram contribution of the old kind by f
the factors 1/u! and 1/(m!-n!) appearing after
the diagram rules are cancelled. Dropping these
factors and replacing f by

f’zl/[ﬁ ﬁz(z‘,j)!],

i=0j=0

(p.p")!’

(19)

(a factor 1/z! for each direct connection with z q.-p.
lines between two links) we obtain now somewhat
modified diagram rules.

A further summing up of diagrams can be done

by permuting C-, C-links of the same type in the
upper or lower sequence together with their q.-p.
lines connections. The diagrams of Fig. 13 are gen-
erated in this way from the diagram of Figure 13 (a).
We define a diagram like that of Fig. 13(a) to have
a symmetry factor 1, if all diagrams generated this

Salss
S’ 74

Fig. 13. Dla'rlam (a) is deﬁned to include all dlfferent dia-
grams created by link permutations, i.e. (a), (b), (c) and
(d) shall represent the same diagram and are not consndered
to be different.
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way are different. Their number is with inclusion
of the original one &y ! ka!- ... kp! k1"l ... - kp'!
where the &’s are those of the diagram rules. If »
identical diagrams can be generated by different
permutations in the lower and upper sequence, the
symmetryfactor is defined as 1/» and is to be multi-
plied by the above number for determining the

>

Fig. 14. Diagram with symmetry factor 1/2.

quantity of different diagrams. Therefore, the fac-
tor 1/(k1!...kp! k1" ... kp"!) prescribed after the
diagram rules can be omitted and be replaced by
the symmetry factor 1/n, thus including the sum
of the contributions of all different diagrams, which
are created by possible link permutations. In
Fig. 14 a diagram is shown, which has symmetry

[11 B. H. Brandow, Phys. Rev. 152, 863 (1966).
[2] J. da Providencia and C. M. Shakin, Phys. Rev. (4,
1560 (1971).
[3] B. H. Brandow, Rev. of Mod. Phys. 39, 771 (1967).
[4] F. Coester, Nucl. Phys. 7, 421 (1958).
[5] F. Coester and H. Kiimmel, Nucl. Phys. 17, 477 (1960).
[6] H. Kiimmel, Nucl. Phys. A 176, 205 (1971).
[7] H. Kimmel and K. H. Lihrmann, Nucl. Phys. A 191,
525 (1972).
[8] K. H. Lithrmann and H. Kiimmel, Nucl. Phys. A 194,
225 (1972).
[9] K. H. Lihrmann, Ann. Phys. 103, 253 (1977).
[10] G. Ripka, Nucl. Phys. A 314, 115 (1979).
[11] J. da Providencia, Nucl. Phys. 46, 401 (1963).

Unification of Brueckner Theory and HFB Theory 807

factor 1/2, since interchanging of the first and third

C- and C-link leads to the same diagram.

For the special case, that the q.-p. operators are
given by Eq. (5), the diagram of Fig. 7(a) is sep-
arated into the diagrams of Fig. 7(b). (c). (d). For
these diagrams the factor (19) has to be replaced by

(T 1zt 0 Tt 0Y).
ij=0 j=0
where z; (7, j) denotes the number of particle-lines
and zp (¢, j) of hole-lines connecting the i-th link in
the lower sequence with the j-th link in the upper
sequence. Similarly the factor 1/(m!-n!) of the
operator ¢ % has to be replaced by

1/(mp!-mp!-np!-np!),

where mp, np is the number of indices in the lower
and upper @-link above the Fermi sea and mp, np
the number of indices below the Fermi sca

(mp +mp=m; ny 4 np=n).

[12] J. da Providencia, Nucl. Phys. 44, 572 (1963).

[13] L. Schifer, J. Math. Phys. 14, 1299 (1973).

[14] L. Schifer, Nucl. Phys. A 216, 365 (1973).

[15] J. da Providencia and C. M. Shakin, Phys. Rev. C5,
53 (1972).

[16] M. Baranger, Cargése Lectures in Theoretical Physics
1962, W. A. Benjamin Inc., New York 1963.

[17] E. Krotscheck and J. W. Clark, Nucl. Phys. A 333,
77 (1980).

[18] D. J. Thouless, The Quantum Mechanics of Many-
Body Systems, Academic Press, New York 1961.

[19]1 H. G. Becker, Z. Naturforsch. 28a, 332 (1973).

[20] Y. Gerstenmaier, Dissertation, Universitit Bonn,
1979.



